A Hall effect thruster (HET) incorporates a magnetic circuit that must generate a specific flux density spatial distribution inside and near the outlets of the plasma channel. The first objective of the design process of this type of structure is to obtain a specific magnetic filed topology in the thruster channel by fixing radial and axial components of the magnetic field and a certain inclination of magnetic flux lines. The aim of this work is to develop a tool for solving this inverse magneto static problem, which is applied to the SNECMA PPS1350 R ⃝ HET magnetic circuit in order to obtain a new "Low-Erosion" magnetic configuration.
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Introduction
Nowadays, two types of space propulsion engines exist: the most common ones are the chemical propulsion engines which provide high thrust impulses allowing fast orbit transfers. However this technology requires a large amount of propellant and is not suitable for interplanetary displacements; the propellant mass requirements are too high. The second type of propulsion engine is based on electrical propulsion that provides very low but continuous thrust, resulting in huge propellant savings at the cost of longer spacecraft transfer times. The main advantage of electric thrusters lies in their highly efficient utilization of propellant mass 1) which allows deep space mission (e.g. the NASA Deep Space 2) and the European Smart One mission 3) ). In Table  1 , a comparison between different space engine characteristics is presented. The corresponding reduction in necessary propellant supply makes it possible to board a greater portion of useful payload. HETs belong to the category of electric spacecraft engines (with ions, electromagnetic, pulsed plasma and electrothermal engines also) and they are constituted of a cylindrical plasma channel, an interior anode, an external cathode and a magnetic circuit that generates a primarily radial magnetic field across the plasma channel. The HET structure is shown in Fig. 1. An axial electric field is established between the anodes located on the base of the plasma channel and the Hollow-cathode plasma fixed outside of the thruster channel. A transverse (radial) magnetic field prevents electrons from streaming directly to the anode: electrons are forced to turn around magnetic field lines. Indeed, the electrons curl along the magnetic field and in the ExB azimuthal direction around the channel. The plasma discharge generated by the electrons efficiently ionizes the propellant injected into the channel from the anode zone. The reduced axial electron mobility produced by the transverse magnetic field makes possible the creation of quasi-neutral plasma in the thruster channel. Thus, the discharge voltage (distributed along the channel axis resulting in an axial electric field in the channel) accelerates the ions outside the channel. The external hollow cathode does not only generate the electrons for the discharge, but also provides the electrons to neutralize the ion beam. The details of the channel structure and specially the magnetic field topology inside the plasma channel determine the thruster performances, efficiency, and lifetime.
4) The impact of the magnetic field is very important in the engine functioning. Indeed the magnetic circuit has a fundamental role in the thruster performance. Our study about the optimization of the magnetic circuit of a thruster is thus justified. Some methods based on topological optimization have already been developed for optimizing these structures.
Yielding the algorithm ATOP TO (Algorithm To Optimize Propulsion with Topology Optimization) which has already demonstrated its efficiency. 5) In this work we try to extend the scope of the software ATOP by adding a new parametric The ATOP algorithm becomes a very versatile optimization tool for magnetic circuits of HETs. The rest of the paper is organized as follows: in section 2, we present a classical HET magnetic circuit. This structure is the result of the scientists experience. However, the structure has never been designed by using and developing mathematical optimization codes. 5, 7, 8) Thus, the magnetic circuit of HETs has remained virtually unchanged since its conceptualization in the sixties 1) up to the present. New magnetic configurations, along with their characteristics, are also presented here. In Section 3 and 4, we discuss our optimal design method (ATOP PO optimization algorithm) for this type of magneto static structure. In Section 5, we present some numerical applications to validate this optimization method: we have applied this algorithm to the magnetic circuit of the commercialized SNECMA PPS1350 ® HET to obtain a "Low-Erosion" magnetic configuration (magnetic materials moved away from heavy erosion areas keeping the magnetic topology unchanged) to reduce the plasma-surface interaction at the exit plane of the discharge chamber.
Design of a HET Magnetic Circuit and New Magnetic Configurations
In a HET the magnetic circuit constitutes more than half of the whole thruster mass and it includes a large air gap. Consequently, the design of the magnetic circuit must be firstly optimized in order to minimize the embedded mass and the flux leakage. This design process can also take into account others drives like thermal, thruster performance and lifetime: in all these drives the magnetic configuration plays a fundamental role. 4, 9) The main components of this magnetic circuit structure are the coils which produce the magnetic flux density and the ferromagnetic parts which guide the magnetic flux density. Usually the magnetic circuit includes four (or more) external coils located around the exterior radius of the plasma channel and one internal coil around the center of the plasma channel. All the external coils are supplied by the same direct current. One (or two) trim coil located at the rear of the plasma channel can be also used to perform the magnetic topology. This structure is shown in Figs. 1 and 2. The magnetic flux lines have the shape of a lens that is symmetrical with respect to the channel axis. During a long while, the magnetic topology owned the same characteristics.
10) By considering now the requirements in terms of power and lifetime, new specifications concerning in particular the erosion of the ceramic walls have to be taken into account. The weakness of erosion of ceramic walls has its origins in plasma-surface interaction inside the discharge chamber. Several methods have been employed to increase HET lifetime reducing the erosion through the modification of the magnetic flux topology. "Magnetic-Shielding" configuration 11, 12) and "Wall-Less" configuration 13) have been highlighted to improve the efficiency and reduce the erosion of the ceramic walls. "Magnetic-Shielding" configuration consists in generating a magnetic field parallel to the ceramic walls of the channel, i.e., a magnetic field with no radial component along the walls of the discharge chamber as shown in Fig.3 In the future, one can expect even to propose magnetic circuits such as the "Wall-Less" circuit (as showed in Fig. 4 ) in order to drastically limit the contact between plasma and ceramic walls moving the ionization region outside the thruster channel.
13) The anode, that is usually located (in the standard configuration) at the beginning of the thruster channel (see Fig. 1 ), in the "Wall-Less" configuration is moved to the channel exit plane (see Fig. 4 ).
In this work, to limit the rate of erosion of ceramic channel walls another magnetic configuration is proposed: the "LowErosion" configuration (see Fig. 5 ). This configuration consists in reproducing a classical magnetic topology (as shown in Fig.  2 ) but with a different magnetic circuit: the target of this configuration is to limit the erosion by removing ferromagnetic material from heavy erosion areas which are located on the top of the thruster 14) close to the ceramic channel exit plane. The position of the magnetic flux lines must remain unchanged (same magnetic topology) but the poles of the circuit are translated downwards (with a new shape) respect to the axial (z) coordinate (see Fig. 5 ). Thus, areas where there was a high rate of erosion are now more isolated from plasma and ions bombardment. Like in many magnetic circuit design methods, the development of an analytical modeling including the main sizes of the circuit is not available 7) because leakage flux is too significant compared to the useful flux. The design of the thruster magnetic circuit has been resulted, for many years, from an iterative "hand approach" : the designer thinks of a first magnetic circuit and performs it by using finite element softwares. Many numerical simulations are in this case necessary to converge to the required magnetic topology. This is the reason why a new design methodology based on the resolution of a magneto static inverse problem is proposed in this study. This new approach may allow shaping specific parts of a magnetic circuit from several data of magnetic field topology required in the plasma channel. 
Optimal Design Method
Optimal design of electromagnetic systems can be understood and formulated as an inverse problem. Many electromagnetic problems require to determine the spatial distribution of an unknown quantity (material distribution in space or the source; e.g., the current density) which produces a specified quantity (the effect, e.g., the magnetic field, the induced current density or the electrodynamic force) in a specified region of the space. These problems belong to the class of electromagnetic inverse problems. 15) An electromagnetic inverse problem can be formulated and than solved as an optimization problem. The design of this type of magnetic structure via optimization based on an analytical model is not appropriate because the air-gap in the channel is too large. Thus, it was chosen to use an optimization method using a numerical based model of the structure in order to assess the relevance of a set of parameters.
7) The developed design method uses a parametric optimization algorithm with a resolution based on a finite element method in order to achieve an optimized geometry. The finite element model takes as input the geometric parameters of the structure and it provides the values of the magnetic flux for an optimal current configuration. An evaluation criterion for the optimization function is then calculated to assess the correlation between the magnetic field values obtained and the initially target set values of the magnetic field. Assumptions conventionally used of azimuthal homogeneity of the magnetic flux density in the thruster channel 1) (invariance of the flux density along the circumference of the channel) allow reducing this model to a 2D axisymmetric model which represents a considerable saving of computing time. The objective function to be minimized is represented by the square differences between the magnetic flux density calculated at each iteration and the required flux density in the target region Ω T (see Fig. 6 ). Thus, currents in coils and structure dimensions are modified by the optimization algorithm to reproduce the objective magnetic flux density in the target region under some structural constraints. Thus, in this work the target is to optimize the shape of magnetic circuit in order to limit the erosion (move materials from heavy erosion areas 14) situated at the exit of the thruster channel to safety areas) and in consequence to extend the lifetime of the thruster. The algorithm ATOP PO is applied to modify the shape of the SNECMA PPS1350 ® HET magnetic circuit keeping the same magnetic topology. The ATOP PO algorithm was firstly validated 16) using some generic magnetic circuits (as the magnetic circuit shown in Fig. 2 ).
Optimization of the SNECMA PPS1350
® HET Mag-
netic Circuit
The PPS1350 ® is a SNECMA commercialized HET with a nominal power of 1.5 kW. For the first time an optimization algorithm is applied directly to the magnetic circuit of a HET Trans. JSASS Aerospace Tech. Japan Vol. 14, No. ists30 (2016) Pb_200 to improve its lifetime. The goal is to reduce the erosion of ceramic channel walls modifying the shape of the magnetic circuit so keeping the same magnetic field topology. Thus, the circuit must be modified to reproduce a "Low-Erosion" magnetic configuration (see Fig. 5 ). In a previous work, 5) topology optimization has already demonstrated his efficiency to design HET magnetic structures. This type of optimization does not take into account the entire structure but only isolated zones, like for example internal and external poles which represent the most critical areas in providing the magnetic topology. However, it seems interesting to optimize the whole entire structure or maybe more extensive zones of this magnetic circuit. Thus, in this work, a larger zone considering some sizes of the magnetic circuit as variables is also optimized. Contrary to topological optimization, parametric optimization needs to start with a given shape of the structure, which plays a fundamental role: in this case the structure of the PPS1350 ® HET magnetic circuit. 17) The target region Ω T has been divided in 3 separated target regions to easily cover the entire thruster channel as shown in Fig. 7 (Ω t,1 , Ω t,2 , Ω t,3 ).
Variable parameters
This work focuses on the optimization of magnetic poles shape, magnetic screens dimensions, internal and external columns dimensions and also current values in the coils. These variable parameters have to be optimized in order to obtain an optimum shape (shape that allows to reduce the erosion rate of the circuit components) of the magnetic circuit that has to respect some geometric constraints. The variables of the problem are represented in Fig. 7 and they are: the control points that define magnetic poles, heights of magnetics screens, horizontal position of external screen, heights of columns and coils currents (the mains coils and the trim coils). Thus, we have three types of variables: control points (P), dimensions (x) and currents in the coils (I). There are ten control points, five variables of dimension and three variables of current. In this design problem there are three target regions to control the magnetic flux density inside the thruster channel. The control points define the poles shape through the use of Bézier curves. Target regions 4 5 Axis of symmetry Coils 
Bézier curves
Bézier curves are particular parametric curves frequently used in computer graphics. In vector graphics, Bézier curves are used to model smooth curves that can be scaled indefinitely. The mathematical basis for Bézier curves is the Bernstein polynomial. 18) In this work they are used to draw the poles shapes. Thanks to the use of Bézier curves, it is possible to limit the number of control points (that define shape of poles) and consequently, the total number of variables. With only ten control points the entire shape of poles can be control and vary (see Figs. 8 and 9) . 
Axis of symmetry

Constraints
In order to obtain a "Low-Erosion" magnetic configuration, it is necessary to impose as a constraint that the maximum axial dimension (z dimension) of the magnetic circuit must be smaller than a fixed value respect to the classical PPS1350 ® configuration 17) in order to guarantee an insulating distance between the magnetic circuit and the plasma. As shown in Fig.  10 in this optimization problem, the constraints are represented by two lines (red lines in Fig. 10 ) and all ferromagnetic materials must remain under these two lines. The lines inclinations are gradually decreased to obtain the best solutions as possible. Thus, all the control points are forced to move under the two constraints lines. 
Problem formulation
In order to optimize the magnetic flux density generated by the structure, it is necessary to force it to have a specific value inside the target region. It is an inverse problem: from the magnetic flux density imposed in the target region Ω T (see Eq. (1)) find the optimal sizes of the structure that satisfy those geometric constraints. This inverse problem is formulated as a minimization of the square of the differences between the magnetic flux produced by the structure (where the sizes vary) and the required magnetic flux in Ω T . The magnetic flux produced by the structure is calculated in Ω T using a function (named "F") that has as input the variables of the structure (P, x, I) and as output the sum of the square of the errors in Ω T .
From Eq. (3), it can be noted that the flux density B(P, x, I) is computed from the variables. B is an implicit function of the design parameters.
where
is the set of control points of internal pole,
is the set of control points of external pole,
represents the variable dimensions (shown in Fig. 7 ) and 
Numerical Results
All calculations were performed on a 32 GB of RAM and a 16 cores microprocessor computational server, to solve the problem (4) . The version of MatLab ® used is the 2013b and the FEMM version is 4.2. To solve problem (4) it is necessary to define a number of precise points (the name of these points is "measuring points") in the Ω T region, where the designer forces the magnetic flux density to have a specific value. Thus, area Ω T is discretized and function F(P, x, I) becomes
where i is the number of the chosen points in Ω T region. We take into account 40 measuring points per target region thus the total number of points is 120. The minimum acceptable angles for problem solutions are fixed to 25°and 20°for α 1,A and α 2,A .
These two values have been evaluated in order to reduce the most efficiently the rate of erosion (moving ferromagnetic materials to R 1 and R 2 regions as shown in Fig. 12 ). However, these two angles have to be the lowest as possible. The best solution found was for values of angles α 1,B and α 2,B of 19°and 14°re-spectively as shown in Fig. 12 . This is the best solution because if the values of angles is further reduced the difference between the target magnetic flux and the magnetic flux produced by the structure is too high (the maximum acceptable difference was fixed at 5% in the point of strongest magnetic field). Thus, the shape of the poles of the magnetic circuit has been modified to satisfy all the geometrical constraints and to produce the same magnetic topology of the PPS1350® structure. New innovative shapes for poles were found. 
Conclusion
In this paper, a new optimization based approach to design the magnetic circuits of HETs is proposed. This yields a code named ATOP PO . The optimization problem is hard to solve because this is not possible to have some analytical expressions of the magnetic flux density inside the structure and hence, this involves some numerical computations by using a finite element method. Obviously, the optimal design solutions strongly depend on the starting structure provided to ATOP PO . With ATOP PO it is possible to randomly generate numerous starting structures in order to provide better solutions or it is also possible to rationally choose the starting structures according to the designer experience. It has been demonstrated that in the design of this type or structure a rational method is better to find an optimal design than an "hand-approach" method only based on the designer experience. For the first time new innovative shapes for poles were found. These new shapes can improve the lifetime of the thruster without any change in the thruster performances because the magnetic topology remains unchanged.3D simulations of some of these designs has been made and from these studies a prototype of a new type of magnetic circuit (Low erosion magnetic circuit) for HETs will be realized.
